
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



—153— 
SOL UTIONS OF PROBLEMS LN NUMBER FO UR. 



Solutions of problems in No. 4, have been received as follows: 
From Geo. L. Dake, 75 & 76; Prof. A. B. Evans, 75, 76, 77, 78, 79, 
80, 81 & 82; E. S. Farrow, 75, 76 & 79; H. Heaton, 75, 76, 77, 78, 79, 
80, 81 & 82; G. W. Hill, 81; Artemas Martin, 79 & 81; A. B. Nelson, 
75, 79 & 81 ; L. Regan, 78; E. B. Seitz, 75, 77, 79 & 82; Walter Siverly, 
75, 76, 77, 78, 79 & 82; Prof. C. M. Woodward, 76 & 77. 



75. "A stick of timber of uniform density and size from end to end, has 
a weight of 600 pounds suspended at one end, by which it is balanced hor- 
izontally on a fulcrum 6 feet from the end where the weight is suspended. 
If the fulcrum be 5 feet from the same end the stick will be balanced with 
a weight of 800 pounds. Required the weight and length of the stick." 

SOLUTION BY CADET E. S. FAEEOW, WEST POINT, N. Y. 

Since the stick is uniform, its centre of gravity is at its middle point. 
Let I equal its length, and w its weight (A and B representing the two ends, 
O its centre and C and C the positions of the 1st and 2nd named fulcrums 
respectively). Taking moments about Cand C" we have 

wXCG + 0XCA = 600X CB, 
also wxCG + OxCA = 800XCB; 

or wX{ll — 6) = 3600, and wX(|/ — 5) = 4000 ; 

whence I = 30, and w = 400. 



76. "Within a given circle to draw three others tangent to it and touch- 
ing each other externally, the sum of whose diameters shall be equal to that 
of the given circle." 

77. "Within the circumference of a given circle, radius r, describe two 
equal circles, radii \r, which shall touch the first circle internally at oppo- 
site extremities of the diameter. Describe a fourth circle I), touching the 
first circle internally and each of the two equal circles externally. Describe 
a fifth circle E, a sixth circled, <fec, touching the first internally and one of 
the two equal circles and the circle D, E, F, &c, respectively, externally. 
Find an expression for the radii of the circles E, F, O, &c." 

SOLUTION BY PEOF. C. M. WOODWABD, ST. LOUIS, MO. 

Preliminary Remarks. The properties of tangent circles used in the fol- 
lowing solution are proved in an admirable article in the Mathematical 
Monthly, Vol. I. pp. 268 et seq., by Matthew Collins of Dublin. One of 
these properties may be stated thus : 



—154— 




If a variable circle is tangent to two fixed circles, the distance of its centre 
from the radical axis of the fixed circles bears a constant ratio to its radius. 
Another, a property of the "Arbelos," is older if not better known : 
If 0" and 0'" (Fig. 1.) are any two circles tanyent to each other and to 
and 0', and if the ratio 

Q"M _ Q"'N _ 

()" T — n> then 0"'T' — n 

In the solution of problem 76, let the radius of the given circle = 1, and 
let the radii of the required circles, 0', 0", 0'", be r', r 2 , r s , and let fig. 1 
be a general represen- 1 
tation of the four cir- 
cles. 

By examining thel 
special case of the dot- J 
ted circle C, we see that 1 

CP _ MP_ __ MP\ 

CP' ~ 0"T~ r % 

_ NP 1 + r> 

~ r 3 — 1 — r" 

PB being the radical axis of and 0' ; and, that if 0"M = nr 2 we have 

0"'N= (n + 2)r s . For brevity let 

1 + r> ( M=l—w 2 A f N = 1 — w 3 

F=T' = V > then J 0"M=nr, and i 0>"N= (n + 2)r 3 . 

Hence (1 — r 2 ) 2 = n 2 r 2 2 -J- (1 — vr 2 ) 2 , (1) 

(l-r 3 f = (« + 2)V 3 2 + (1 -vr 3 f, (2) 

1 = r' + r, + r 8 . (3) 

Equations (1) and (2) give 

2 ( v ~ !) ,A\ A 2fc — 1) ... 

U = n » + B »_l» • • • ( 4 ) and r * = ^+2)*+7=r • • (5) 

2 
Since 1 — r' = -., the substitution of (4) and (5) in (3) gives 

1_ , 1 _J_ , ft v 

rf + tf _ l "I" ( n + 2) 2 + » 2 — 1 ~" v 2 — 1 W 

Solving for n we get n = ± t> — 1. 

Negative values of n indicate either that the ordinate of the centre of r 2 is 

negative, (i. e. O" is in the other horn of the Arbelos), or that r 2 is itself 

negative, 0" being external to 0. Hence, omitting the negative value of 

v, we have from (4) and (5) 
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v — 1 
v + V 

Moreover we have 



1 1 — r' 
r 2 — v ~ 1 + r" r 
0M=1 — w 2 = 0, 



v — 1 1 
» + 1 



__ r - r< 



0^ = 1 



0"Jf=nr, 



» — 1 



= 1 _ r ' = 00', 

= {n + 2)r 3 = 0"'iV. 



These results show, when taken in connection with the remark as to the 
negative value of v ; — 

1°. That r' may be taken equal to any number, integral or fractional, 
positive or negative; as ck-6. 

2°. That r 2 is given by a fraction whose numerator equals the denomi- 
nator of r' minus its numerator; and whose denominator is the sum of the 
denominator and numerator of r'; as (b — d)s-{b -f- a). 

3°. That r 3 is the product of r' and r 2 ; as 

a b — a 
b • b~+~a' 

4°. That the four centres are always at the vertices of a rectangle. 

Sets of values of r',r 2 , and r z , can j 
readily be given ad infinitum. Fig. 2 j 
shows the circles in their correct po- 
sition. The geometrical construction I 
of any required set is indicated, AH \ 
being equal to O'P. Since 00' = 
0"0'" = r 2 + r 3 it is obvious that 

r> + r 2 + r 3 = 1- 

Cor, I. If r' = § we have a 
ready solution of problem 77. In 
this case v = 5, n = 4 and, Fig. 3, 
}»„ = radius of D = \ 




r 3 = radius of E = -3^, 



**=* 



1 
TTJ 



and obviously r m = 



2(v — 1) 



+ 2(m— 2)] 2 + v— 1 — m 2 + 6' 



hence r = J, r t = f, r 3 =|, r 3 = &, r 4 = ^ r 6 =fa r 6 



• (7) 

jtV&C. 



Cor. II. Since v = (l+ r')-j-(l — r') and w = 2r'-n(l 

r'(l — /) 

Tm ~ [(3 — m)r' + m — 2] 2 + r" ' 



•*"')> ( 7 ) gives 
(8) 
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which gives in terms of r' (which may be any number) the radius of any 

circle in a series, the 

centre of r 2 being on 

the radius OA [_ to 

PP'. 

Cor. III. If n = 
2r'+(l—r') = v — l 
is an even number, 
repeated subtractions 
of 2 must reduce it to 
zero, so that the larg- I 
est circle of the series j 
has its centre on PP' f and the series may be called symmetrical. This is 
the case when v is an odd integer, as in Fig. 3. 




78. "From a given point without a triangle to draw a line which bisects 
the area of the triangle. 

SOLUTION BY PROF. A. B. EVANS, LOCKPORT, N. Y. 

Let NAM be the given triangle and P the given point. Draw PE par- 
allel to AM and construct the parallelogram AFED equal to one half the 
area of the triangle NAM. Draw DG perpendicular to AM and equal to 
PF, and GB equal to PE. 

From the similar triangles PHEA 
PCF, BDH, since PE 2 — PF 2 = DB 2 \ 
PRE — PCF= BDH, 
. • . A CB = AFED = IN AM. 

Note. In Chauvenet's Geometry, ex- 
ercise 249, p. 323, we find the following | 
question which is more general than No. 
78, and which may be solved by making I 
the parallelogram AFED equal to the I 
part to be cut off from the angle NAM | 
by a line through P: 

"Through a given point, draw a straight line which shall form with two 
given intersecting straight lines a triangle of a given area." 




79. "Prove that the formula 2"~ 1 (2' 1 — 1) represents a perfect number 
when 2" — 1 is prime." 
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SOLUTION BY E. B. SEITZ, GREENVILLE, OHIO. 

A number which is equal to the sum of all its divisors 1 inclusive, is 
called a perfect number'. 

When 2" — 1 is prime the sum of all the divisors of 2"~ 1 (2" — 1) inclu- 
ding the number itself 

= (1 + 2 + 2 2 + + 2"- 1 )(l + 2" — 1) = 2*(2* v — 1), 

which is twice the number. Therefore 2" _1 (2" — 1) is a perfect number 
when 2" — 1 is prime. 



80. "The relation 

, , , , n . nln — 1) . , n(n — l)(n — 2) , , , In 
]n L = 1 + A^+Ai-L^-l +A 3 A ^ >+..+ Aj^ 

is true for all positive integral values of n ; show that 

A_i_ 1 + 1_1 + (~ 1 ) f 

|r_ — H H II " ' JL ' 

where r is an integer less than n." 

[There was a slight misprint in the announcement of this question. "Ar" 
should have been A r .] 

SOLUTION BY H. HEATON, DES MOINES, IOWA. 

Put A r = x r = [(a? + 1) — l] r == (as + 1), 

Then A r = (a, + ^A^ + ±^^A r ^ . . +l}—{L(A^ 1 + '—^ 

XA r _ 2 . . + l) + tfcj=ll)(^, +L=^A- S +•• + l) . • ■•(-!)' 

But from the conditions of the problem it is easily seen that the quantity in 
the first parenthesis = \r, that in the second = \r — 1 that in the third 
= | r — 2 &c. Hence 

^r= 1-1 + 1-1 + (- 1 ) > 

Ir U 12 |3'" T |r ' 



81. "Prove that, identically, 

1 + 1+1 ... + 1=1-1 + 1 ! + ..._ 1" 



n+ln + 2'n + 3''2n 2 ' 3 4 ' 2n' 
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SOLUTION BY ABTEMAS MABTIN, EEIE, PA. 

Let 1.-1 + 1 + 1 + 1 + ... + ^ (1) 

and §=1 + 1 + 1 + 1 + ...+ _L (2) 

By subtraction, P — §=1 — 1 + 1 — I + . . . — JL (3) 

By addition, P+§ = l+l + l + l+...+ i_ (4) 

Subtracting twice (2) from (4), 

P_§ = _1 + .1 + _!+...+ ! 

71 + 1 71 + 2 71 + 3 2ft 



82. "If the parabolic orbits of two comets intersect the circular orbit of 
the earth in the same two points, then if t± and t 2 be the times in which the 
comets move from one point to the other, (t x + t 2 ) % + (t t — t%) % 

= m- 

a year being the unit of time." 

SOLUTION BY WALTER SIVEELY, OIL CITY, PA. 

Let c represent the length of the chord of the earth's orbit joining the 
two points. It is shown in works on Central Forces that, 

^ = 12^( 2 + C ) f +( 2 - C ) f ' 

< ^12^( 2 + C ) l -( 2 - C ) 1 
Adding and subtracting, 

<]+<2 =^(2 + c)f, tl -t 2 =^{2-c)l 

Whence 

('. + «,)*- (a + •)(«)*• 

Eliminating c, 
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Paradox. By G. Shaw, Kemble, Ont., Canada. — Suppose a = b. 
Multiply both sides of this equality by b, and we have ah = b 2 . Subtract 
a 2 from each side of this equation and we have ab — a 2 = b 2 — a 2 . . . (1) 
By factoring (1) we have (6 — a)a = (6 — a) [b -\- a). Divide this eqn. 
by 6 — a and we have o = b + a or, because b = a, 

a = a + a = 2a. 
Dividing by a we have 1 = 2. 

[The fallacy in the above obviously consists in considering a and b as like 
and unlike at the same time. For, in the first member of (1) because a=b, 
we have a zero factor, b — a = 0, and in the second member we have the 
same zero factor, 6 — a. Now when a and b are unlike the only two fac- 
tors of b 2 — a 2 are a — b and a + b, neither of which can be zero, but when 
b — a then 6* — a? = a 2 — a 2 , the only two factors of which are a — a 
and a ; the first of these two factors, a — a, being zero, the other factor a, 
may be repeated as often as we please without changing the value of the 
product. — Ed] 



PROBLEMS. 



83. By Geo. L. Dake, Cleveland, Ohio. — A point is given within 
two lines which form a given angle with one another. Enquired the short- 
est line which can be drawn through this point, terminated by the given 
lines. 

84. By Phillip Hoglan, Newcomekstown, Ohio.— The centres of 
two spheres whose radii are 12 ft. and 5 ft., respectively, are at opposite ex- 
tremities of the diameter of a circle of 13 ft. radius. Find a point in the 
cirumference of this circle from which the greatest portion of spherical sur- 
face is visible. 

85. By Peof. James G. Clark, Liberty, Mo. — In a quadrilateral 
there are given, the length and position of the lower base, the lengths of the 
two sides, the length of the upper base and the position of a point through 
which it passes : required to construct the quadrilateral. 

86. By Prof. J. S. Hayes, Hodgenville, Ky. — Prove that the at- 
traction of a sphere of uniform density upon an external point is the same 
as if all the matter of the sphere were concentrated at its centre. 

87. By G. M. Day, Lockport, N. Y. — There are n tickets in a bag 
numbered 1, 2, 3 . . . n. A man draws three tickets together at random 
and is to receive a number of shillings equal to the product of the numbers he 
draws. Find the value of his expectation. 



